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Coherent topological phenomena in protein folding
Henrik Bohr1, Søren Brunak1 and Jakob Bohr2
A theory is presented for coherent topological
phenomena in protein dynamics with implications for
protein folding and stability. We discuss the
relationship to the writhing number used in knot
diagrams of DNA. The winding state defines a long-
range order along the backbone of a protein with long-
range excitations, ‘wring’ modes, that play an important
role in protein denaturation and stability. Energy can be
pumped into these excitations, either thermally or by an
external force. 
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Introduction
In recent theoretical reviews [1–4] of protein folding, the
dynamic processes are described in the framework of
energy landscapes with funnels that guide the unfolded
proteins to their native states without being trapped in
local energy minima. Such descriptions are taking a statis-
tical approach to the energetics of protein conformation
processes and can explain, thermodynamically, many par-
ticulars of the folding processes in relation to e.g.
sequence specificity, and essential features of protein
folding can be derived from spin glass and lattice gauge
models [5–8]. By means of statistical mechanics, the
models are able to account for the transition between the
native state and the hot-denatured phase.
In this work, by contrast, protein folding is viewed not
primarily as a phase transition driven by entropy, but
rather as a transition to the folded state through a
sequence of catastrophic events [9]. We argue that topo-
logical constraints can lead to a deterministic model of
folding. The physical reason for protein folding to follow
topological constraints is the interaction of the protein
with its environment. 
It is suggested that the initiation of different steps in the
protein folding process is a resonance phenomenon, rather
than a nucleation process [10,11], and that the various
steps of chain bending occur when the amplitude of the
resonance mode exceeds a certain threshold (to be
described in more detail below). Changes in the external
conditions (temperature, solvents, etc) are responsible for
the destabilization of the folded protein.
Linking, winding and writhing
Winding phenomena on a protein backbone are in many
ways similar to the winding phenomena that may be
observed in experiments with rods and tubes. Unless
these tubes are handled with great care, their unwinding
requires large motions in the space of the tube. The point
of view put forward in this paper is that, as the protein
folds in interaction with its environment (e.g. in vivo),
such large motions of the protein backbone are unlikely. 
The heuristic description of the winding state of a protein
can be extended to a better-founded continuous measure
using differential geometry. The topological conserved
winding is given by the linking number of a closed curve.
Define a ribbon as the geometrical frame in which the
twist is equal to the torsion of the curve. A linking number
of zero means that if one cuts the ribbon along a central
line, one will end up with two non-interwoven ribbons. If
the linking number is ±1, one will end up with two
ribbons that are linked in the same way as links in a chain.
The linking number, L, is related to the writhing number, W,
and the total twist, T, through the White theorem [12–14]:
L = W + T (1)
Consider a curve as being the path traced out by a protein
backbone (e.g. Ca atomic positions). One can define the
vectors t→, v→, and v→⊥ as a right-handed frame of the curve,
t→ being a unit vector parallel to the velocity r→′. The total
twist can then be calculated as: 
and the writhing as:
where:
Wring modes in chain molecules
It follows from the White theorem that excitations of a
chain molecule that do not involve a change in its path,
and therefore in its writhing number, must have conserved
total twist. On the topologically constrained biomolecules,
there are collective long wavelength excitations involving
their twist. We will call such collective excitations ‘wring
modes’, as these modes involve a wringing pattern of the
chain molecules around their chains. The local twist of a
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circular chain molecule is modified with time due to the
wring mode. However, the total twist, T, calculated simul-
taneously over the entire molecule is conserved and,
therefore, not modified as a result of the wring mode. 
The chain molecules considered, so far, are required to be
circular (and closed). However, most biological chain mol-
ecules, such as proteins, are not circular but linear, though
they may be folded and densely packed into complex geo-
metrical structures. At first sight, one would conclude that
a linear chain molecule cannot sustain the above-men-
tioned wring modes of circular chain molecules. The
reason for this is simple: the linear chain molecule is
strictly speaking not topologically constrained.
In physical and biological systems, the interactions of
chain molecules with their environment will cause disper-
sion. For proteins, interactions take place with the
aqueous environment, with other proteins, with mem-
branes, etc. Hence, biological chain molecules are gener-
ally not closed, but, due to dispersion, the topological
restriction described by the White theorem is nevertheless
valid when considering a sufficiently short timescale (a
microsecond and less). This is illustrated in Figure 1,
where the topologically allowed region is shown. Disper-
sion limits the speed at which changes in structural confor-
mations can take place. Therefore, if the time required for
an accommodating structural change becomes longer than
the cycle time of a wring mode, the linear chain molecule
can be said to be partly topologically constrained. Wring
modes are, therefore, most prominent at a finite level of
dispersion where there is a reasonably good balance
between not damping the system too much and yet sus-
taining a topological constraint for a sufficiently large
period of time. This balance will determine the width of
the eigenfrequency for the wring mode.
The eigenfrequency, n, can be estimated from a simple
calculation of the energy having a rotational and torsional
contribution as follows:
where s is a spatial variable along the backbone chain, and
f(s) is a vector field orthogonal to the chain axis measur-
ing the displacement. I is the moment of inertia and a is
the torsional constant. The Euler–Lagrange equation is:
This equation is solved with the well-known wave ansatz
f(s – vt), where the velocity v is given by:
The eigenfrequency, n, is then derived from the velocity,
v, to be:
where L is the length of the chain molecule that partici-
pates in one period of the wring mode (see Fig. 2), y(a) is
the torsion constant per inverse unit length, and i is the
moment of inertia of the backbone per unit length. For
proteins, we may take a rotation of p/2 to correspond to
~1 eV/Å. Hence, the torsion constant per inverse unit
length, y, is ~0.4 eV/Å. The moment of inertia of the
backbone (per unit length), i, is ~100 a.u.Å, depending on
the degree to which the sidechains are involved in the
wringing. A typical value for L is 475 Å, and hence the
frequency becomes about 2.1 GHz. This estimate is
based on the assumption of a linear torsion term,
however, and the estimate is only an upper limit. It
should further be noticed that the width of the resonance
will be very large because of the dispersion. For double-
stranded DNA, the typical values are y = 0.8 eV/Å,
i = 300 a.u.Å2, and L is between 200 Å and 20 000 Å, and
therefore n falls in the interval between 20 MHz and
2 GHz. Interestingly, this frequency range coincides with
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Figure 1
An illustration of the region in inverse time in which chain molecules
are effectively topologically constrained. 
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Figure 2
A drawing of a wring mode on an idealized chain molecule.
e = λ/2
the rotational spectra of larger sidechains (i.e. 0.5–5 GHz)
which could possibly, therefore, act as initiation pumps
for the wring resonances. 
Protein folding and wring resonances
Wring phenomena can be related to protein folding and
can play an important role in these processes as well as in
the stability of the native state [15,16]. As already men-
tioned, protein folding occurs when the amplitude of a
wring excitation becomes so large that it is more energeti-
cally favorable to curve the backbone, which then occurs
according to the material properties of the polypeptide
chain. These properties are of course sequence depen-
dent, but one can make a general analysis of the Young
modules corresponding to bending and twist of the
polypeptide chain and that can serve as a basis for study-
ing folding and stability. Let us therefore go back to the
torsional energy. The wring mode of a molecule involves a
wringing of the chain, which depends on the torsion term.
In certain cases, the wring mode may also include confor-
mational and curvature changes. Let us consider the
simple case of a continuous isotropic model with the
potential energy density:
epot(s, t) = at(s, t)2 + kkk(s)2 (9)
where t(s, t) is the torsion, k(s) the curvature, and a and kk
are the torsion and curvature constants, respectively. The
torsion t(s, t) is equal to ∂φ(s, t)/∂s for a given chain with its
direction represented by f(s, t). 
We consider, then, the wring state shown in Figure 2 and
investigate whether this state is stable or not, with respect
to the formation of curvature. Differentially, this is a
question of whether there is an energy barrier to the for-
mation of a skew-line or not. Such a circular helix can be
represented by:
r→(u) = (a cos(u), a sin(u), h u) (10)
where a and h are constant and u is a parameter describing
the circular helix. In this case, the energy can be calcu-
lated to be:
The stability of the geometric path of a twisted chain can
then be investigated by varying the amplitude of the
wring mode. The criteria for this are obtained through dif-
ferentiation (twice) of the potential energy density with
respect to the parameter a (assuming that h is conserved).
The condition for stability of the structure in Figure 2 is
obtained from equation 12:
2a(s) < kk(s) (12)
For real chemical bonds, however, the torsion term is not
linear, and the torsion coefficient, a, becomes a function
of t: an effective coefficient, kefft (t(s)). Further, the coeffi-
cients will depend on the local chemical composition of
the chain and vary slowly with temperature and the ampli-
tude of the wring mode.
There are three mathematical possibilities regarding the
inequality: the inequality is violated at all wring ampli-
tudes, the inequality is valid at low wring amplitudes but
violated at higher amplitudes, or the inequality is valid for
all wring amplitudes. These cases are consistent with a
phase diagram [15,16] commonly observed for proteins
exhibiting three phases depending on temperature and pH
which correspond to the ones described above: a cold
denaturation phase I, a folded phase II, and a hot denatura-
tion phase III, respectively. The observation that heat is
consumed during the transition from both the cold denatu-
ration phase to the folded phase and from the folded phase
to the hot denaturation phase can be understood in terms
of the wring model, since the two transitions involve an
increased amount of activity of the wring state. In Figure 3,
we have drawn a schematic phase diagram with data
(points) from refolding experiments performed on b-lac-
toglobulin using optical rotation displacement techniques.
Considering the frequency range of the wring modes, it
would be interesting to investigate experimentally to what
extent the protein folding process can be provoked by elec-
tromagnetic/microwave radiation. The electromagnetic
waves could possibly couple to the wring modes directly or
through molecular transducers such as, for example, rotat-
ing sidechains. In order to substantiate such pictures, let us
mention that it is known that the nonheating effects of
microwaves [17] can be utilized in hydrolysis of polypeptide
chains [18,19] and in immunostaining applications [20].
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Figure 3
The phase diagram for b-lactoglobulin in a 4 M urea solution. The three
phases of cold-denatured, folded and hot-denatured state are shown.
The data points were determined from optical refolding experiments. 
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Summary
The geometrical winding of polypeptide backbones has
been considered and it has been shown that collective
excitations can exist. Simple conjectures for the process of
protein folding lead to constraints for the winding of the
backbone of the folded state of proteins. As the unfolded
structure of the polypeptide chain is unknown, no unique
winding can be prescribed. It is hypothesized that the
transition from the unfolded state to the folded state of a
protein is due to transitions when twist modes of the
protein backbone become unstable to curvature. 
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